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The gravitational Chern-Simons
(gCS) term

SCS =
1

4π2

∫

d3xεµνλ
(
1

2
Γρµσ∂νΓ

σ
λρ +

1

3
ΓρµσΓ

σ
ντΓ

τ
λρ

)

where

Γλµν =
1

2
Gλρ(∂µGνρ + ∂νGµρ − ∂ρGµν)

and Gµν is the 3-dimensional metric tensor

NOT the Witten action (EH as CS in 3D):

• Witten: like Palatini in 4D: depends on
Dreibein and connection, on shell equiv-
alent to EH, EOM: Rµν = 0

• gCS: depends on metric Gµν only (via
connection Γλµν), EOM: Cµν = 0

• Witten+gCS: DJT, “massive graviton”

S. Deser, R. Jackiw and S. Templeton, Ann. Phys.

281 (2000) 409-449 (original article from 1982)

E. Witten, Nucl. Phys. B311 (1988) 46
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Kaluza-Klein reduction to 2D

Gµν =

(

gmn − ϕaman −ϕam
−ϕan −ϕ

)

• gmn is the D=2 metric (r: curvature)

• am is a D=2 gauge vector (f : field strength)

• ϕ is a scalar (conformal factor)

In frame ϕ = 1 KK reduction yields

SGIJP = − 1

8π2

∫

d2x
√
−g (fr+ f3)

Note: Z2 symmetry of EOM: f → −f

G. Guralnik, A. Iorio, R. Jackiw and S.Y. Pi, hep-th/0305117

DG and W. Kummer, hep-th/0306036 (first order)
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Supersymmetrization via gPSM

Equivalence to graded Poisson-σ model

SgPSM =

∫

M2

dXI ∧AI +
1

2
P IJAJ ∧AI .

• gauge field 1-forms: AI = (ω, ea, ψα, A),

connection, Zweibeine, gravitini, U(1)

• target space coordinates: XI = (X,Xa, χα, Y ),

dilaton, Lmf. torsion, dilatini, U(1) charge

• Poisson tensor: dimension (kernel) = 2,

fixed uniquely by pre-potential u(X, Y )

Result for the pre-potential describing SUCS:

u(X, Y ) = X2 − Y

P. Schaller and T. Strobl, hep-th/9405110 (bosonic
precursor); M. Ertl, W. Kummer and T. Strobl, hep-th/0012219;
L. Bergamin and W. Kummer, hep-th/0209209, hep-th/0306217;
DG, L. Bergamin and W. Kummer, hep-th/0310006
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SUSY trafos:

δem
a ∝ εΓaψm

︸ ︷︷ ︸

standard

δam ∝ εΓ2ψm︸ ︷︷ ︸

remembers D=3

δψmα ∝ D̂mεα︸ ︷︷ ︸

see below

where

D̂mεα = ∂mεα +
1

2
ωm(Γ2ε)α

︸ ︷︷ ︸

standard terms in D=2

+
i

2
F (Γmε)α

F = f + εmnψnΓ2ψm

1
2Γ2 is the 2-dimensional generator of Lorentz

transformations in spinor space

Γm = eamΓa (with “flat” Γa)

“Expected” SUSY trafos from pre-potential:

non-trivial statement

Pre-potential fixed by bosonic part already!

L. Bergamin, DG, A. Iorio, C. Nuñez, hep-th/0409273
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All classical solutions (bosonic)

Standard methods: line element in EF patch:

ds2 = 2du dX + Killing(X; c, C(g)) du2

c: charge, C(g): mass, Killing norm:

Killing(X; c, C(g)) =
1

4
X4 − 1

2
cX2 + 2 C(g)

c2 =8C (g)

K(X)

X

K(X)

X

X

K(X)

K(X)

X

X

K(X)

C
(g)

c

DG, W. Kummer, D. Vassilevich, hep-th/0204253, (2D
dilaton gravity); DG, W. Kummer, hep-th/0306036
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The BPS-kink

KillingBPS(X; c) ∝ (X2 − c)2 ≥ 0

• half SUSY solution (N = (1,1) SUGRA)

• extremal Killing horizons only

• ground state solution

• connects Z2 symmetry breaking AdS2 vacua

• patching: induces self dual matter flux

• conformal trafo: asymptotically AdS2

(without induced matter flux!)

G. Guralnik, A. Iorio, R. Jackiw and S.Y. Pi, hep-th/0305117

DG and W. Kummer, hep-th/0306036

L. Bergamin, DG, A. Iorio, C. Nuñez, hep-th/0409273
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B

C

A

D

E

Fluxes: from A,C,D,E to B along extremal

Killing horizons

Triangular patches: AdS2 (no fluxes: as. AdS2),

Square patches: BPS-kink
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Hawking temperature

From surface gravity (M = 0 for BPS):

TH =
1

4π

∣
∣
∣
∣

d

dX
Killing(X;C, c)

∣
∣
∣
∣
X=Xhorizon

= see graph on next page

Specific heat:

Cs =
dM

dTH
= γ(M)TH

For low TH (low M): Sommerfeld constant:

γ(M → 0) =
4π2

c

For general M (“Sommerfeld function”):

γ(M) = see graph on next page

Hawking-Page like transition (inner horizon):

Tcritical ∝ c3/2

S. Hawking and D. Page, Commun. Math. Phys. 87
(1983) 577.
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Hawking temperature Sommerfeld function
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Red: outer horizon, Blue: inner horizon

Note: c has been set to 1 for the plots

Bekenstein-Hawking entropy for BPS:

SBH ∝ Xhorizon ∝
√
c

J. Gegenberg, G. Kunstatter, D. Louis-Martinez,

gr-qc/9408015; W. Kummer, D. Vassilevich, gr-qc/9907041

DG, W. Kummer, D. Vassilevich, hep-th/0204253

L. Bergamin, DG, A. Iorio, C. Nuñez, hep-th/0409273
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Oxidation to D=3,4 and 11

D = 3 (S. Deser, J. Kay, Phys. Lett. B120 (1983) 97)

• 2D BPS is not 3D BPS

• asymptotically AdS, but not AAdS (NLO)

D = 4 (S.L. Cacciatori et. al., hep-th/0406238)

• some SUSY solutions of 4D U(1) gauged

SUGRA: same EOM as KK reduced CS

• soliton of photons stabilized by gravity

D = 11 (via M. Cvetic et. al., hep-th/9903214)

• lifting prescription: AdS4 × S7

• metric may be AAdS: AdS/CFT aspects!

K. Skenderis, hep-th/0209067 (and refs. therein)
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Open problems

• in D=2: other derivation of TH

• in D=2: coupling to matter

• in D=3: generalize to notion of AAAdS︸ ︷︷ ︸

almostAAdS

?

• in D=3: study different SUSY

• in D=4: understand equivalence to KK

reduced CS – more general?

• in D=4: check AAdS property

• in D=11: study AdS/CFT aspects
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This talk: KK reduced CS (SUGRA):

L. Bergamin, DG, A. Iorio, C. Nuñez, hep-th/0409273
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